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Abstract
Assuming a diagonal Majorana neutrino mass matrix, we investigate the neutrino Yukawa
textures which lead to a non-zero reactor mixing angle θ13. The neutrino effective coupling matrix
κeff is pre-diagonalized by a constant mixing pattern Vν with a vanishing θ
ν
13. The resulting
pre-diagonal symmetrical matrix κ is set to be four texture zeros with two types of off-diagonal
elements nonzero, which is κ13 and κ23, respectively. With the expectation of simple textures we
thoroughly classify the linear combinations, αi, βi and γi of Yukawa elements λij in a same row,
according to the values vanishing or not. Each set of the classifications can lead to a Yukawa
texture which may have implications for the discrete flavor model buildings. We also present a
model based on A4 according to one set of the constraints on the three combinations with a specific
choice of a coefficient in Yukawa texture.
1 Introduction
Despite of being well compatible with experimental measured large solar and atmospherical neutrino
mixing angles, the neutrino mixing patterns Vν with vanishing reactor neutrino mixing angle θ
ν
13, such
as the ansatz Tri-Bimaximal [1], and Golden-ratio [2–4] etc., are now ruled out by rigidly experimental
results [5, 6]. For obtaining a sizable lepton mixing angle θℓ13, it is necessary to induce corrections to
the patterns, especially those from sizable mixing in charged lepton are most motivated in the GUT
context. The scenario can be realized in the models based on discrete non-Abelian family symmetries,
especially those combined with GUT gauge symmetries. In the models of this kind the leptonic mixing
PMNS matrix is given by Vℓ = V
†
e Vν , in which a typical Ve in charged lepton sector has a sizable
θe12 ≃ λc, with λc ≈ 0.225 being the Cabibbo angle. The mixing matrix Vν in neutrino sector owns
large θν12 and θ
ν
23. Then Vℓ yields the empirical relation θ
ℓ
13 ≃ λc/
√
2 when θν23 = π/4, which coincides
with the experiment results.
On the other side, in order to reduce the number of parameters in effective light neutrino mass
matrix mν and reveal the correlation between mixing angles and masses, the appealing schemes of
texture zeros [7–23], cofactor zeros [24], vanishing minors [25–31] and hybrid textures [32–34] etc.,
are well studied. Most of them focus on texture zeros in matrix mν itself or Dirac mass matrix as
well as Majorana mass matrix. These textures can be realized as well within the context of proper
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Abelian flavor symmetries. Nonetheless the realization of the textures in non-Abelian discrete flavor
symmetries is not an easy task for model buildings, only a few of such models have been appeared in
literatures [17,18]. The spirit of texture zeros, however, inspire us to seek another strategy to build non-
Abelian flavor models. Compared with the original mass matrix mν , the matrix m
′
ν = V
T
ν mνVν (refer
as to pre-diagonal matrix) with texture zeros is an alternative to investigate the correlative relations
between mixing parameters and masses. Besides the potential reduction of parameters may reveal new
relations between mass entries in either Dirac type or Majorana type. The minimal scenario to obtain
a non-zero θℓ13 is that only (13) or (23) elements (as well as (31) or (32) elements) are nonzero in the
pre-diagonal mass matrix. Hence m′ν with four texture zeros can be thoroughly diagonalized by an
extra small rotation δV in (13) or (23) complex plane. The leptonic mixing matrix Vℓ = VνδV will lead
to the desired nonvanishing θℓ13.
In this paper Vν is taken as tri-bimaximal mixing, we investigate the texture of neutrino Yukawa
matrix λ in flavor basis where both the charged leptons mass matrix me and heavy majorana neutrinos
µ are diagonal. The effective neutrino coupling matrix κeff = λTµ−1λ (which is equal to mν/v2 with v
the Higgs vev) is pre-diagonalized by Vν , which gives the pre-diagonal coupling κ. By taking κ13 and
κ23 vanishing respectively, the constraint conditions are deduced from the linear combinations, αi, βi
and γi, of the Yukawa elements λij in a same row. According to the constraints we obtain a simple
Yukawa matrix as example, which can be realized in A4 family symmetry model.
The paper is organized as follows. In Sec. 2 we take Vν to be tri-bimaximal mixing and discuss the
two minimal scenarios of pre-diagonal coupling matrix κ, which lead to a nonvanishing θℓ13. In Sec. 3 we
classify the constraint conditions of αi, βi and γi for obtaining a nonvanishing κ13 and κ23 in detail. We
also discuss the implications for the flavor model buildings according to the constraints, and a model
based on A4 family symmetry is presented as an example. Finally Sec. 4 is the conclusion.
2 Basic aspects
In the Lagrangian of standard model (SM) there is no neutrino mass term due to the absent of
right-handed neutrinos. For generating nonzero neutrino masses in a minimal extended SM one can
add right-handed fields νR like the other right-handed fields which belong to SU(2)L singlets. Without
loss of generality we consider three heavy Majorana right-handed neutrinos νR are introduced in the
minimal extended SM, then the relevant Lagrangian in lepton sector reads
−L = Yeℓ¯LφℓR + λℓ¯Lφ˜νR + 1
2
µνCRνR + h.c., (1)
where φ is the SU(2)L Higgs boson doublet with φ˜ ≡ iτ2φ∗ and the family indexes are omitted. Here
νc = Cν¯T and C is the charge conjugation matrix, and ℓL and ℓR are the ordinary lepton left handed
doublet and right handed singlet of SU(2)L, respectively. We work in the flavor basis that both the
charged lepton mass matrix and Majorana mass matrix are diagonal, i.e., me = Yev = Diag{ye, yµ, yτ}v
with v = 〈φ〉 = 246GeV being the vev of the neutral component of Higgs boson doublet after the
electroweak symmetry breaking, and µ = Diag{µ1, µ2, µ3}. The neutrino Yukawa matrix is in general
a complex matrix which would encode the leptonic flavor structure as following
λ =


λ11 λ12 λ13
λ21 λ22 λ23
λ31 λ32 λ33

 , (2)
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thus the Dirac neutrino mass matrix mD = λv. Accordingly the Lagrangian for lepton masses is
−Lmass = (eL, µL, τL)me(eR, µR, τR)T + (νeL, νµL, ντL)mD(ν1R, ν2R, ν3R)T + 1
2
µiν
C
iRνiR + h.c., (3)
then the light effective left-handed Majorana neutrino mass term is given by seesaw mechanism after
integrating out the heavy right-handed neutrinos
−Lmass = (eL, µL, τL)me(eR, µR, τR)T + 1
2
(νeL, νµL, ντL)mν(ν
c
eL, ν
c
µL, ν
c
τL)
T + h.c.. (4)
The light neutrino mass matrix mν in the basis is mν = −keffv2 where the effective neutrino coupling
matrix κeff is produced by type-I seesaw
κeff = λTµ−1λ. (5)
The eigenvalues of κeff is obtained by the unitary transformation Vℓ: κ
diag = V Tℓ κ
effVℓ. Usually
Vℓ = V
†
e Vν is the very lepton mixing PMNS matrix. In the flavor basis Ve is a unit matrix Ve = 1, and
Vν is often taken as a pattern with large θ
ν
12 and θ
ν
23 and vanishing θ
ν
13. Under the condition we may
obtain the following symmetrical coupling matrix through the unitary transformation
κ = V Tν κ
effVν =


κ11 κ12 κ13
κ12 κ22 κ23
κ13 κ23 κ33

 . (6)
In the following κ is referred to as the pre-diagonal coupling matrix, and when we say one off-diagonal
element κij vanishing or not means the same constraints on its symmetrical one κji since they are equal
to each other. We note that in general the neutrino mixing matrix Vν is not identical to the PMNS
lepton mixing matrix. Taking tribimaximal mixing Vν = VHPS [1] as example, the pattern reads
Vν =


√
2
3
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
1√
2

 , (7)
then we can easily get each elements κij in terms of Yukawa elements λij and Majorana masses µi. For
the diagonal elements of κ we have
κ11 =
1
6
3∑
i=1
α2i
µi
, κ22 =
1
3
3∑
i=1
β2i
µi
, κ33 =
1
2
3∑
i=1
γ2i
µi
, (8)
and the off-diagonal elements are
κ12 =
1
3
√
2
3∑
i=1
αiβi
µi
, κ13 = − 1
2
√
3
3∑
i=1
αiγi
µi
, κ23 = − 1
2
√
6
3∑
i=1
βiγi
µi
, (9)
in which the parameters αi, βi and γi are linear combinations of elements λij (j = 1, 2, 3) in a same
row of λ as follows
αi = 2λi1 − λi2 − λi3, βi = λi1 + λi2 + λi3, γi = λi2 − λi3. (10)
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For the case that θν12 is taken a different value and θ
ν
23 remains maximum in Vν , the analysis is analo-
gously. The only change is that the coefficients ahead of λi1 in αi and βi are replaced by
√
2 cot θν12 and√
2 tan θν12, respectively. The corresponding constant coefficients of κij in eq. (8) and eq. (9) should be
altered as well. In addition, in the minimal seesaw where the heavy Majorana neutrino mass matrix
is µ = Diag{µ1, µ2} and Yukawa matrix λ is a 2 × 3 matrix, all the elements κij in eq. (8) and (9) in
corresponding pre-diagonal coupling matrix κ are only summed from 1 to 2.
With all the off-diagonal elements vanishing one may in principle constrain the Yukawa textures
which lead to the famous tribimaximal mixing Vν = VHPS. In order that the sizable lepton mixing angle
θℓ13 can be produced in neutrino sector, there are two minimal schemes in which only one off-diagonal
element is non-vanishing in the pre-diagonal coupling matrix. For clarity we write the two minimal
scenarios with four texture zeros as following
κ =


κ11 0 κ13
0 κ22 0
κ13 0 κ33

 , or


κ11 0 0
0 κ22 κ23
0 κ23 κ33

 (11)
Taking the first case that κ13 is nonvanishing as example, one can easily diagonalize κ in eq. (11) with
an extra unitary transformation δV of the form
δV13 =


cos ϑ
2
0 sin ϑ
2
e−iδ
0 1 0
− sin ϑ
2
eiδ 0 cos ϑ
2

 , (12)
The eigenvalues of κ are solved as follows
κ1 = κ11 cos
2 ϑ
2
+ κ33 sin
2 ϑ
2
e2iδ − κ13 sinϑeiδ,
κ2 = κ22,
κ3 = κ11 sin
2 ϑ
2
e−2iδ + κ33 cos
2 ϑ
2
+ κ13 sinϑe
iδ, (13)
where ϑ is given by
tanϑ =
2κ13e
iδ
κ33e2iδ − κ11 , (14)
and the Dirac CP violation phase δ has to be the following form
δ =
i
2
ln
κ∗13κ33 + κ13κ
∗
11
κ13κ∗33 + κ
∗
13κ11
, (15)
to keep tanϑ in eq. (14) real. In the similar way we can obtain the corresponding results for the second
case. The PMNS matrix is then defined as
Vℓ = VνδV Pν , Pν = diag{eiρ, eiσ, 1}, (16)
which yields the final lepton mixing angles θℓij in terms of ϑ and δ as follows
sin2 θℓ13 =
2
3
sin2
ϑ
2
,
sin2 θℓ12 =
1
3− 2 sin2 ϑ
2
,
sin2 θℓ23 =
2 + cosϑ+
√
3 sinϑ cos δ
4 + 2 cosϑ
, (17)
4
and ρ and σ in Pν are Majorana CP violating phases. Note that in order that the mixing angle θ
ℓ
13
(as well as θℓ12 and θ
ℓ
23) can be compatible with experimental bounds, the potential fine tuning on the
order of magnitude in Yukawa elements or Majorana masses are allowed by hand or other possible
allowed dynamical mechanism. The question is beyond the scope of present discussions. The direct
constraint on ϑ can be, however, estimated by the global fit data [35]. For simplicity we only take θℓ13
as a demonstration, the best fit at 1σ level gives that
sin2 θℓ13 = 0.0218± 0.0010(NO), 0.0219+0.0011−0.0010(IO), (18)
where NO (IO) represents normal (inverted) order of the light neutrino masses. Hence ϑ is given by
sin2
ϑ
2
= 0.0327± 0.0015(NO), 0.03285+0.00165−0.0015 (IO), (19)
accordingly one can restrict the elements κij in eq. (14).
3 Realization of the texture of κ
In order to generate nonvanishing κ13 or κ23 in eq. (9), we have to check the correlation between
Yukawa elements λij. For sake of simplicity we first enforce all the phases φij = arg(λij), of elements λij
with the same row index i, to be the same. At the same time we also assume κij to be vanishing if and
only if the three terms therein are all vanishing. In the case we may focus on the simplest constraints on
the Yukawa elements, i.e., constraints from αi, βi and γi, which can be realized in some specific discrete
flavor models. Generally there is at least one nonvanishing αi (i = 1, 2, 3) to guarantee the diagonal
element κ11 nonvanishing. The same requests for βi and γi should be satisfied as well. Next we would
classify the conditions for obtaining the κ13 or κ23 non-vanishing based on the above assumptions.
3.1 Classification
Next we discuss the case that all diagonal elements κii are non-vanishing which guarantee the mass
eigenvalues are nonzero ones. There are two kinds of classifications of κ11 in terms of heavy Majorana
masses with one or two nonvanishing αi. The third kind with three nonzero αi, however, will lead to
all βi vanishes for keeping κ12 = 0. Then the diagonal element κ22 is zero as well which is incompatible
with the requirement of κii always nonzero. We drop the case in the following analysis.
The detailed constrains from the request of κij to be vanishing or non-vanishing are presented
in Table 1 (κ13 6= 0) and Table 2 (κ23 6= 0). Note that neither the order of magnitudes of Yukawa
elements λij nor those of Majorana masses µi are fixed in the analysis. The restrictive conditions
γi 6= 0/γj 6= 0/γi,j 6= 0 (i 6= j) in Table 2 denote that (γi 6= 0, γj = 0)/(γi = 0, γj 6= 0)/γi,j 6= 0.
At present we do not have too much knowledge about the absolute neutrino masses and the mass
order. Only the two mass differences ∆m221 and ∆m
2
32(31) are well valued. The lightest neutrino mass in
normal order (NO) can be vanishing in principle. In the case we may have the elements κ1i (i = 1, 2, 3)
(and of course κi1) are all vanishing ones. Then only the condition κ23 6= 0 is required to obtain the
non-vanishing θ13. The situation is not listed in the tables.
We remind that the scheme is a simplified one for the Majorana mass matrix is just a diagonal one
and the relative phases among the Yukawa entries are also neglected. However, the simple classification
can reveal simple relations between Yukawa elements, which may be realized in some concrete models.
In the following we shall present a discrete flavor symmetry model as one of its implications.
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Table 1: Classifications of the constraint conditions on κ13 6= 0 and κ12 = κ23 = 0.
Entries κ11 6= 0 κ12 = 0 κ13 6= 0 κ22 6= 0 κ23 = 0 κ33 6= 0 case
β2 6= 0, β3 = 0 γ2 = 0 γ3 6= 0/ = 0 a
I α1 6= 0, α2,3 = 0 β1 = 0 γ1 6= 0 β2 = 0, β3 6= 0 γ3 = 0 γ2 6= 0/ = 0 b
β2,3 6= 0 γ2,3 = 0 γ1 6= 0 c
β1 6= 0, β3 = 0 γ1 = 0 γ3 6= 0/ = 0 a
II α2 6= 0, α1,3 = 0 β2 = 0 γ2 6= 0 β1 = 0, β3 6= 0 γ3 = 0 γ1 6= 0/ = 0 b
β1,3 6= 0 γ1,3 = 0 γ2 6= 0 c
β1 6= 0, β2 = 0 γ1 = 0 γ2/ 6= 0 = 0 a
III α3 6= 0, α1,2 = 0 β3 = 0 γ3 6= 0 β1 = 0, β2 6= 0 γ2 = 0 γ1 6= 0/ = 0 b
β1,2 6= 0 γ1,2 = 0 γ3 6= 0 c
γ1 6= 0, γ2 = 0 γ1 6= 0 a
IV α1,2 6= 0, α3 = 0 β1,2 = 0 γ1 = 0, γ2 6= 0 β3 6= 0 γ3 = 0 γ2 6= 0 b
γ1,2 6= 0 γ1,2 6= 0 c
γ1 6= 0, γ3 = 0 γ1 6= 0 a
V α1,3 6= 0, α2 = 0 β1,3 = 0 γ1 = 0, γ3 6= 0 β2 6= 0 γ2 = 0 γ3 6= 0 b
γ1,3 6= 0 γ1,3 6= 0 c
γ2 6= 0, γ3 = 0 γ2 6= 0 a
VI α2,3 6= 0, α1 = 0 β2,3 = 0 γ2 = 0, γ3 6= 0 β1 6= 0 γ1 = 0 γ3 6= 0 b
γ2,3 6= 0 γ2,3 6= 0 c
Table 2: Classifications of the constraint conditions on κ23 6= 0 and κ12 = κ13 = 0.
Entries κ11 6= 0 κ12 = 0 κ13 = 0 κ22 6= 0 κ23 6= 0 κ33 6= 0
β2 6= 0, β3 = 0 γ2 6= 0 γ3 6= 0/ = 0
I α1 6= 0, α2,3 = 0 β1 = 0 γ1 = 0 β2 = 0, β3 6= 0 γ3 6= 0 γ2 6= 0/ = 0
β2,3 6= 0 γ2 6= 0/γ3 6= 0/γ2,3 6= 0 γ2 6= 0/γ3 6= 0/γ2,3 6= 0
β1 6= 0, β3 = 0 γ1 6= 0 γ3 6= 0/ = 0
II α2 6= 0, α1,3 = 0 β2 = 0 γ2 = 0 β1 = 0, β3 6= 0 γ3 6= 0 γ1 6= 0/ = 0
β1,3 6= 0 γ1 6= 0/γ3 6= 0/γ1,3 6= 0 γ1 6= 0/γ3 6= 0/γ1,3 6= 0
β1 6= 0, β2 = 0 γ1 6= 0 γ2 6= 0/ = 0
III α3 6= 0, α1,2 = 0 β3 = 0 γ3 = 0 β1 = 0, β2 6= 0 γ2 6= 0 γ1 6= 0/ = 0
β1,2 6= 0 γ1 6= 0/γ2 6= 0/γ1,2 6= 0 γ1 6= 0/γ2 6= 0/γ1,2 6= 0
IV α1,2 6= 0, α3 = 0 β1,2 = 0 γ1,2 = 0 β3 6= 0 γ3 6= 0 γ3 6= 0
V α1,3 6= 0, α2 = 0 β1,3 = 0 γ1,3 = 0 β2 6= 0 γ2 6= 0 γ2 6= 0
VI α2,3 6= 0, α1 = 0 β2,3 = 0 γ2,3 = 0 β1 6= 0 γ1 6= 0 γ1 6= 0
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3.2 Implications
The neutrino Yukawa matrix λ whose elements satisfy the constrained conditions in the tables can be
realized in some models based on discrete family symmetries in principle. According to the conditions
that αi, βi, γi are vanishing or not, one may solve the elements λij with some private choices. From the
above discussions, for the same index i, we have divided αi, βi, γi into eight groups with their values
vanishing or not. For example from the case (I.a) in Table 1 we can obtain the following solutions of
nine elements according to the corresponding constrains
α1 6= 0, β1 = 0, γ1 6= 0,=⇒ λ11 = λ1, λ12 = c12λ1, λ13 = −(1 + c12)λ1,
α2 = 0, β2 6= 0, γ2 = 0,=⇒ λ21 = λ22 = λ23 = λ2,
α3 = 0, β3 = 0, γ3 6= 0,=⇒ λ31 = 0, λ32 = −λ33 = λ3, (20)
with c12 6= −12 and λi 6= 0 (i = 1, 2, 3). Then the Yukawa matrix is simply of the texture
λ =


λ1 c12λ1 −(1 + c12)λ1
λ2 λ2 λ2
0 λ3 −λ3

 . (21)
In the similar way one may get other possible Yukawa textures. Note that the relation between different
λi is undetermined, thus we can treat them either independent or dependent from each other. Besides,
for example, the coefficient c12 in eq. (21) is undetermined as well. One may note that the entries
in Yukawa matrix λ, while c12 is chosen properly, seem to be kind of vev alignment in some discrete
flavor models. Numerous works on the construction of flavor models are proposed by applying discrete
non-Abelian family symmetries, one can see [36–38] for review. Taking c12 = −1 for example (gives
λ13 = 0), we find that the texture of λ in eq. (21) can be realized in the A4 flavor symmetry model
1
wν ⊃ νc1(ℓφ1)′′ζhu + νc2ℓφ2hu + νc3ℓφ1hu +
∑
i
1
2
µiν
c
i ν
c
i , (22)
where all the fields are assigned to be proper representations under SU(2)L × U(1)Y ×A4
νc1,2,3 ∼ (1, 0, 1), ℓ ∼ (2,−1, 3), φ1,2 ∼ (1, 1, 3), ζ ∼ (1, 1, 1′), hu ∼ (2, 1, 1). (23)
The Dirac neutrino mass mD = λvu is achieved by Higgs hu and flavons φi obtain their respective vevs.
To be specific 〈hu〉 = vu is Higgs vev after electroweak symmetry breaking, and after A4 symmetry
breaking the scalar flavon fields φ1,2 and ζ develop their following nontrivial vevs
〈φ1〉 = (0,−1, 1)v1, 〈φ2〉 = (1, 1, 1)v2, 〈ζ〉 = vζ . (24)
These vacuum structure can be realized with the flavon fields are charged under some auxiliary Abelian
symmetries like ZN or U(1)FN , such as the model [39].
Without entangling with details for the way of produce the vacuum configurations, one may build
other possible Yukawa textures in a non-Abelian discrete family symmetry models. In the case that
coefficients c12 etc are taken different values, one vev 〈φi〉 may not be sufficient to produce the expected
1For a concise elucidation, we suppress the coupling coefficients in front of each Yukawa coupling term and we also
ignore the suppression by powers of the high energy scale Λ in the theory. Besides we also assume a diagonal mass matrix
of charged leptons in such a context.
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Yukawa entries, then the desired entries in Yukawa texture can be obtained by two or more flavons with
different vevs combined together. The vevs of flavons may also own other exotic alignment direction.
This would be realized in a specific model by different vacuum alignment mechanism, such as the form
dominance [40] or constrained sequential dominance [41], or even taking into account the fine tuning to
the coupling parameters is allowed as well. Moreover it is worth to investigate whether leptogenesis [42]
works in the background, which is an appealing mechanism to decipher the mystique of the matter-
antimatter asymmetry in the universe. The issues deserve further investigations, which is now beyond
the present work and left for future studies.
4 Conclusion
The three well determined PMNS leptonic mixing angles especially the last measured mixing angle
θℓ13 ruled out the previous widely studied mixing patterns Vν with a vanishing θ
ν
13. In this paper we
have studied two minimal scenarios that lead to a nonvanishing θℓ13. The two scenarios based on the
preliminary condition that the effective coupling matrix κeff = λTµ−1λ is pre-diagonalized by the
tribimaximal mixing pattern Vν with a vanishing θ
ν
13 and large θ
ν
12 and θ
ν
23. The resulting pre-diagonal
symmetrical coupling matrix κ = V Tν κ
effVν has four texture zeros and only one nonvanishing off-
diagonal elements κ13 or κ23 in respective scenario. For the case that all diagonal elements are nonzero
we thoroughly classified the constraint conditions which are deduced from the linear combinations, αi,
βi and γi, of Yukawa elements λij in both scenarios.
By solving a set of the constraint on α1,2,3, β1,2,3 as well as γ1,2,3, and taking a specific choice of an
undetermined parameter, we find that the resulting Yukawa matrix λ possesses a rather simple texture
and can be realized in an A4 falvor model with some specific vacuum alignment of flavons. The scheme
can be also generalized to other contexts, such as minimal seesaw with two heavy majorana masses
or the case that Majorana mass matrix being diagonalized by the other mixing patterns Vν , etc. The
vacuum alignments which feature the Yukawa elements can be implemented by specific mechanism
or corrections to the original one in which fine tuning may be required in coupling coefficients. The
resulting Yukawa coupling matrix together with the heavy Majorana masses deserve to investigate
whether the leptogenesis works in the background.
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